The existence and uniqueness theorem is proved for solutions of the Dirichlet boundary value problems for weakly coupled elliptic systems on bounded domains. The elliptic systems are only assumed to have measurable coefficients and have singular coefficients for the lower-order terms. A probabilistic representation theorem for solutions of the Dirichlet boundary value problems is obtained by using the switched diffusion process associated with the system. A strong positivity result for solutions of the Dirichlet boundary value problems is proved. Formulas expressing resolvents and kernel functions for the system by those of the component elliptic operators are also obtained.
Introduction. Let D be a d-dimensional
Euclidean domain and N a positive integer. For u 1 . Ž .
The assumptions on the coefficients b k and Q are quite general and can be singular: Ž .
In 2 , we showed by using Dirichlet space theory that there exists a strong Ž . Ä 4 Markov process Y s X, ⌳ on D = 1, 2, . . . , N , which is called the switched diffusion process, whose infinitesimal generator is S with Dirichlet boundary Ä 4 condition. This process Y is defined for all starting points in D = 1, 2, . . . , N except possibly for a set of zero capacity. This exceptional set can be taken of Ä 4 the form N N = 1, 2, . . . , N , where N N ; D has zero logarithmic or Newtonian Ž w x. capacity depending on whether d s 2 or d G 3 cf. 2 . Recall that a set of zero capacity will not be hit by the process Y with starting point in its complement. In order to study the sample path behavior of Y by using the Ž nonsymmetric Dirichlet space theory especially its additive functional the-. w x k ory , we assumed in 2 the following regularity condition on coefficients a , b k and q :
from below for each k, and Ý q is ks 1 k l bounded from above for each l.
The above condition amounts to saying that the dual operator of the ␣-Ž w x. resolvent of Y is sub-Markovian when ␣ is sufficiently large see 2 .
Ž . w x Condition 1.7 is dropped in this paper. Therefore, the approach in 2 is not applicable in this paper and a new approach will be developed.
In this paper, we will use the switched diffusion process Y to study the potential theory for the elliptic system S, including weak solutions for the Dirichlet boundary value problems for the system 
for 0 F t -and X 0 s Ѩ for t G , where Ѩ is a cemetery point added to D t as a one-point compactification. We show in Proposition 2.1 that there exists Ž a subset N N of D having zero capacity such that for x g D _ N N in the sequel . we abbreviate it as ''for q.e. x g D,'' where q.e. stands for quasi-every and
is a strong Markov process on D starting from x whose infinitesimal generator is Lwith zero Dirichlet boundary k k k Ž . condition. Let F F denote the -field of events of Y strictly prior to the first y switching time ; that is, F F is the -field generated by F F and the sets
admissible -field generated by Y. We show in Theorem 2.5 below that, for
for any bounded continuous functions on D. Therefore, we can identify the Ž . switched diffusion process Y s X, ⌳ with the following strong Markov process obtained through a patching procedure of Ikeda, Nagasawa w x Watanabe 9 from diffusion processes associated with L, k s
Suppose that we start from the point x, k . Let X be the strong Markov process in D which is continuous up to its lifetime whose infinitesimal generator is Lwith zero Dirichlet boundary condition and denote
by Ѩ the cemetery point for X k added to D as a one-point compactification.
where ⌬ is a cemetery point added to
with probability 1 y Ý q rq X and let ⌳ jump to Using the switched diffusion process Y described above, we will prove in Ž . this paper the existence and uniqueness theorem for weak solutions of 1.8 Ž . for the elliptic system S of 1.1 on a bounded domain D under our general Ž . condition 1.6 . For the existence part, we show directly that the function u given by
Here, by extending a s I, b s 0 and q s 0 off D, we may
Ž . We show that the weak solution u of 1.8 satisfies the equation Ž Under the mild condition that the system S is irreducible see Definition .
Ž . 4.1 , we prove the following strong positivity result for solution u of 1.8 .
We remark here that any weakly coupled elliptic system can be decomposed into several independent irreducible elliptic subsystems. Let G be the ␣-resolvent for S and G k be the ␣-resolvent for Lon D with
zero Dirichlet boundary condition. We show that, for large ␣ ) 0 and L
-inte-
Using this, we can show that G maps bounded Borel measurable functions
.15 can be rewritten as
We prove that there exists a constant ␣ ) 0 such that, for ␣ ) ␣ , 0 0 
Here ␦ is the Kronecker symbol in k, r, which equals 1 if k s r and is 0 if k r k / r. w x As we indicated above, this paper is quite independent of 2 , but it uses w x several probabilistic potential theory results proved in 3 for operators
The rest of this paper is organized as follows. In Section 2, we study the Ž . switching distribution of the switched diffusion process Y s X, ⌳ associated Ž . with S, and we derive the resolvent identity 1.15 . We also show that Ž . Y s X, ⌳ can only switch finitely many times within a finite time interval. In Section 3, existence, uniqueness and probabilistic representation theorems Ž . for solutions of 1.8 are proved. The strong positivity result mentioned above Ž . is proved in Section 4. Finally, resolvent and kernel identities 1.17 and Ž . 1.18 are established in Section 5. 
Switched diffusion processes and their resolvents. Let D be a d-dimensional
. . , N and dm x, k s dx dn k , where dn is the count-Ä 4 ing measure on 1, 2, . . . , N . A cemetery point ⌬ is added to W as a one-point Ä 4 compactification, and a function f defined on W is extended to W s W j ⌬ ⌬ Ž . by setting f ⌬ s 0 unless otherwise specified. We associate the elliptic
' '
Ž .x Ž . see 2 for detailed computations for 2.6 to 2.8 .
Here the derivatives are understood in the distributional sense. The state
and Su s f. The process Y is defined for all starting points in D = Ä 4 1, 2, . . . , N except possibly for a set of zero capacity. Later in this section we will show that this exceptional set can be dropped.
For ␣ ) 0, let
Ž . right-hand side of 2.11 makes sense, with the convention that f ⌬ s 0. It is
where Ѩ is a cemetery point added to D.
is a realization of the strong Markov process that is continuous up to its lifetime and has infinitesimal generator
Let N N ; D be the exceptional set having zero capacity such that the switched diffusion process Y is well defined for each starting point in 
Ž .
Ž . Ž . and where F F and E E are defined in 2.3 and 2.4 . Note that, for u, v g F F , 
Ž . 
Let P x be the probability measure on ⍀ determined by
where E x denotes the integration with respect to the probability measure Q x .
Q Ž x . Then ⍀, Z, , P , x g D is a strong Markov process which is continuous up to its lifetime and has infinitesimal generator Lwhose domain of
Ž . Ž .
H H
by the following lemma. I LEMMA 2.4. Suppose q is a function defined on D such that 1 q g K and
PROOF. It suffices to prove the lemma for q G 0 and u G 0. Note that the
By the resolvent identity,
2.6 there exists a constant B which is independent of n such that
By the monotone convergence theorem and 2.31 ,
Thus, by Lemma 3.2 in 12 ,
is the minimum completed admissible -field generated
Ž w x w x. by Y cf. 1 and 6 and is the first switching time for Y as defined in Ž . 2.14 . Also, F F is the -field of events strictly prior to the stopping time ; y w x that is, F F is the -field generated by F F and the sets A l ) t for A g F F . Thus, by Corollary 3.23 2 of 8 , N and l g 1, 2 , . . . , N _ k , we have 
where the convention 0r0 s 0 is used. By the resolvent identity G f s G f y
. . , N as ␤ ª ϱ except possibly for ␤ a set of zero capacity, by the bounded convergence theorem it follows from Ž .
that
Ž . For any t G 0 and A g F F , by the strong Markov property of Y and 2.37 , we . . .
. . .
with the convention that inf л s qϱ; that is, let be the nth switching
with zero Dirichlet boundary condition and let be its lifetime. By Theorem k w x 5.12 of 3 there exists a constant ␣ ) 0 such that
ž / n n nªϱ nªϱ and the theorem is proved. I Ž . Theorem 2.6 tells us that the process Y s X, ⌳ can only have finitely many switches during a finite time interval.
3. Dirichlet boundary value problems for elliptic systems. In this section, we prove an existence and uniqueness theorem for the Dirichlet boundary value problems as well as a probabilistic representation theorem for the weakly coupled elliptic system S. Recall that we only assume that S has measurable coefficients which may be singular for lower-order terms. 
where G k is the Green operator of L q q on D with zero Dirichlet boundary
PROOF.
By the strong Markov property of Y,
which, by Proposition 2.2, is equal to
Since Ѩ D has zero Lebesgue measure, 1 for k g 1, 2 , . . . , N ,
w x It is known from Lemma 5.6 in 3 that, for each fixed k,
Since D is a bounded domain and is bounded, we have
The uniqueness follows from Lemma 3.3. Weinberger's method using the Hopf lemma. We prove this lemma by using a w x technique from Trudinger 19 together with a probabilistic characterization of S-harmonic functions.
ŽÄŽ
. Ž . 4. PROOF OF LEMMA 3.3. Suppose m x, k : u x, k / 0 ) 0. Without loss of generality, we assume 3.13 s ess sup u ) 0.
Ž . For y s x, k , set a y s a x and b y s 
Ž . Ž . Note that q satisfies 1.4 and 1.5 :
Ž . which, by 2.5 , < < 
Hence, by selecting sufficiently small, we have Ž . Ž . Let G be the ␣-resolvent of the Dirichlet space F F, E E given by 2.3 and 
Ž . Ž . Since 3.22
with 0 -r -R such that B z , R ; D, where C ) 0 is a constant which Ž . 
is the unique weak solution of Su s 0 on D such that 
. . . 
14 E E , F ␦ E E , . 
